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j^I

� k
[aN;j^I§P4IKJ6YU[^J.Ni~;XfLuYSj^N�[ANSJ6YS{‹bWIK]lIÀj^IŒb^L [ArKRWjzb^]lN^m

³

NSJMH4YURyH.N^•`P.I§RWN�P�YSV.tWIKL1N�P6]lNSR^e�I¥jWY

J.IQP.P4NSR?TURWVKXZY•I•~WYSVKH4Yz• Ryb^LuY PMXfHMb?YSipSN {‹bWIŠr§VQNSR^tWIQVKXljWY VQNSL1N®{yb?YSP4IŠVQNSL1IKRWPMb^J4YUƒ^Xf]fXljWYSj^I�•€N®TUR^e�b^]lN

J.IQP.P4NSR?YURyH.I'VKXfJ.VKb^]ZYUJ4_6I&jzXf‡iIKL1N�P${ybWI-IQPMH4YUL1N�P`Ryb^LuYOJ.IQP.P4NSR?TURWVKXZY6PMb^[aIKJ¾g?VKXZYU]3NSb � PMt?YU]lN � � m �;IKe�b^RWj^N

�0YUJ¾gWR���IK]c©

¶A@CBC�

¬wXlPMH.NsYSVQNSRyH.IQVQI"P4I

� > O(
p

m0)
•�I N`HMJ4YUH4YUL1IKRyH.N$VK]Z_SP4PMXlVQN0jWYSPoIQ{‹b?YSQ°‹IQP3j^I

¢

YUe�J4YUR^e�I�•

{‹bWI`]lIKxSYuY'P.NS]fbWQ°‹IQP€j^N�HMXf[aN§©

¶AD

¬••WVQNSRyHMXfR‹b?YuP.IKRWj^N1xS_U]fXlj^N�RWIQP.H.I0ViYSP.N^•^XlPMH.N1r�•?N'[aIQ{‹bWIKRWN1jzXfx;XlP.NSJŽR?pSN

Y‘…“IQVKH4Y0Y\VQNSRyx�IKJMe�IKRWVKXZY&jWY`P.NS]fbWipSN^m

•

N`IKRyH4YUR‹H.N^•zP.I´RWN�P²YSV.t?YUL1N�P²L$b^XfH.N0[AIKJMH.N0jWY\J.IQP.P.NSR?TURWVKXZY`I•~WYSVKH4Yz•

XlPMH.N`r

� < O(
p

m0);
IKRyH4pSN

� k
YU[^J.IQP.IKRyH4YUJ4_0]fXfƒ^J4YSQ°‹IQPoIKL�H.NSJMRWN0j^I´b^L[ANSRyH.N0j^I IQ{yb^Xf]fXfƒ^JMXlN^•‹I jzXf‡iIKL1N�P

{‹bWIsIQPMH4YUL1N�P=RWNuViYSP.Nuj^Isb^LuY�J.IQP4P.NSR?TURWVKXZY�[^J.NU…ˆb^RWjWYuNSb
�

j^IQIK[
�

m

•

IQP.H.IsViYSP.N^•?Nu[aIQ{‹bWIKRWNujzXfx;XlP.NSJŽ…†YU‡

VQNSL+{‹bWI$YSP"P4NS]fbWQ°‹IQP=j^N�HMXf[aN§©

¶AD

¬ P.II�.YUL+jzXfx�IKJMe�IKRyH.IQPi•aIsN'HMJ4YUH4YUL1IKR‹H.NkVK]Z_SP4PMXlVQN1j^IKXh~WY�j^IsP.IKJŽx�_U]fXlj^N^•

j^IKx�IKRWj^NŠP4IKJ$PMb^ƒWPMHMXfHMb^«lj^N�[ANSJsP.NS]fbWQ°;IQPsƒ?YSP.IiYSjWYSP$IKL„HMJ4YURWP¾…“NSJMLuYSQ°‹IQP&ViYURHGSR^XlViYSP&VQNSL1NŒYSP$j^I•gWR^XljWYSP

R?YSPsIQ{‹b?YSQ°;IQPu©

D

¬\IŒ©��¬•muGž…†YUH.N�j^I'R?pSN�[AN‹j^IKJ$YUƒ^J4YUR^e�IKJ&Ryb^L„b^R^XlVQN�HMJ4YUH4YUL1IKR‹H.N§YUR?YU]f«fHMXlVQN§N�Psj^NSXlP

J.IKe�XfL1IQP�©ˆVKXfJ.VKb^]ZYSQ°;IQP0I$]fXfƒ^J4YSQ°;IQP¿¬=r$j^IKx;Xlj^N�Yu{‹bWI-YuHMJ4YURWPMXlipSN6IKRyHMJ.I'IK]lIQP\R?pSNkr&VQNSR‹HM«fRyb?Yzm&G�]fXfL�XfH.I

r�jWYSj^N�[AIK]ZY6VQNSRWjzXlipSN

� = O(
p

m0)
•‚I'g?ViY�j^I•gWR^Xlj^NŠRWNŠIQPM[?YSQN6[AIK]ZY�V.t?YULuYSjWYŒVKb^JMxSY6P.IK[?YUJ4YUHMXf‡kj^N

L1N•x‹XfL1IKR‹H.N^m

·0YSjWYOY1j^IK[AIKRWj^IKRWVKXZYuj^I

� k
VQNSLdY1I•~^VQIKRyHMJMXlVKXljWYSj^I�©“YUHMJ4YQx�rQP`j^I

$
¬ŽIsVQNSL£Y'XfRWVK]fXfR?YSipSN�©“YUHMJ4YQx�rQP

j^I



¬••�N�P3VQIKR‹HMJ.N�P²j^I ]fXfƒ^J4YSipSNsj^I´b^LuY`J.IQP.P4NSR?TURWVKXZYz•�XlPMH.N0r�•�N�Pw[ANSRyH.N�PoNSRWj^I"Y0YUL�[^]fXfHMbWj^I€jWY\]fXfƒ^J4YSipSNsr

R‹b^]ZYz•^VQNSRWPMHMXfHMbWIKL�b^LuY$…“YUL�Xf]fXZY-j^I\[aNSR‹H.N�P Ryb^L�IQPM[?YSQN�©

�; a;e;I
¬••z…“YUH.N'{‹bWI\J.IQVQIKƒaI`N&RWNSL1I0j^I=]lIKX7j^I

IQPMHMJMbWVKHMb^J4YkjWYOJ.IQP.P.NSR?TURWVKXZY¥© �WIKJMJ4YU‡K”��ÀIK]f]lN

¶A@CBCB

¬•msn3Lde�IKJ4YU]†•‚Yu[aN�P.XlipSNkj^IQP.H.IQP=[ANSRyH.N�P0j^I'IQ{‹b^Xf]fXfƒ^JMXlN

[^J.IQVKXlP4Y'P4IKJ€ViYU]lVKb^]ZYSjWY�IKL�…“NSJMLuY'Ryb^L1IKJMXlViYzm

± P.IKe�b^RWjWY$VQNSXlP4Y0{‹bWI [aN;j^IKL1N�P²jzXf‡iIKJ²r€{ybWIŽb^L H.IKJML1NsJ.IQP.P.NSR?YUR‹H.IŽH.IKJ4_0LuYUXlP²XfL�[aNSJMH4TURWVKXZY${yb?YUR‹H.N

L1IKRWNSJwP.II�.Y=Y=NSJ.j^IKL

q = k1+ k2
jWY=J.IQP.P.NSR?TURWVKXZYz•�j^IKx;Xlj^N\Y={‹bWI�•�P.IKe�b^RWj^N`N={‹bWI"�._"x;XfL1N�Pi•�Y\YUL�[^]fXfHMbWj^I

j^I&P.IKb§VQN;I•g?VKXlIKRyH.I

Ak
r$jWY

O(M jqj)
VQNSL

M � 1:
±=]lrKL¼jzXlP.P4N^•’jWYSjWYub^LuY1J.IQP4P.NSR?TURWVKXZYuj^I-NSJ.j^IKL

q
r\IKx‹Xlj^IKR‹H.I0{ybWI`N�P´H.IKJML1N�PŽ{‹bWI=[AN�P.PMbWIKL …ˆJ.IQ{ybW‰KRWVKXZYSPŽj^N&HMXf[AN

(j p + j q)n � j pn0 VQNSL

j � 2;
H4YUL&ƒarKL

P4pSN-H.IKJML1N�P€J.IQP.P.NSR?YURyH.IQP••zLuYSP€Y'PMb?Y-XfL�[ANSJMH4YURWVKXZY�r`L1IKRWNSJ"j^IKx‹Xlj^NOY&{‹bWI0N�P"P.IKbWPŽVQN;I•g?VKXlIKRyH.IQP=P4pSN�jWY

O(M j j qj) < O(M jqj ):

��� � ��������� ��!"�$#&%('"� 4/�*5 � %<;=��% � ' �*����� -/�/4/'6� � 4���;

�;IKe�b^RWj^N-N${‹bWI€YSViYUƒ?YUL1N�P j^I€jzXf‡iIKJi•;R?pSN$j^IKx�IKJMXZY$J.IQPMb^]fH4YUJ´I•~z{‹b^XlPMXfH.N$Ns…“YUH.N&j^I€{‹bWI"RWN&PMXlPMH.IKLuYsP4NS]ZYUJ´Y

LuYUXlNSJMXZY0jWYSPwJ.IQP4P.NSR?TURWVKXZYSP²{‹bWI I•~;XlPMH.IKL�P¿pSN0j^I [^JMXfL1IKXfJ4Y0NSJ.j^IKLŠm3nw~zXlPMH.IKLL$b^XfH.N$[aNSbWViYSPwJ.IQP.P4NSR?TURWVKXZYSP

j^I�NSJ.j^IKL½PMb^[aIKJMXlNSJi•|I1YSP0LuYUXlP$VQNSR^tWIQVKXljWYSP-P4pSNŠY6J.IQP4P.NSR?TURWVKXZY

D

µ

¶

©

q = 2
¬`IKR‹HMJ.Iu±=]fXfRWjWY�I ���^[^XfH.IKJi•

YSP-J.IQP.P.NSR?TURWVKXZYSP

D

µ

¶

I �zµ

�

©

q = 3
¬$RWN�VKXfRyHMb^J4pSN•j^I�YSPMH.IKJ.qSXlj^IQP§©ˆ{ybWI6IQPMH4pSN•YSP.P4N‹VKXZYSjWYSP�Y§…†YU]ft?YSP'R?Y

jzXlPMHMJMXfƒ^bWipSNy¬••zI`Y0J.IQP.P4NSR?TURWVKXZY �Wµ

�

©

q = 2
¬oIKR‹HMJ.I �§XfLuYSP´I �|IKHMXlP`©ˆ{‹bWI\VQNSRWPMHMXfHMbWI€b^LuY$J.IQP.NSR?TURWVKXZY&HMXf[AN

XfRWVK]fXfR?YSipSNy¬•m

³

N;j^IKL1N�PkjzXf‡iIKJ6{‹bWI§Y�[^JMXfRWVKXf[?YU]0VQNSRWP.IQ{‹bW‰KRWVKXZY j^IŠb^LuY VQNSL1IKRWPMb^J4YUƒ^Xf]fXljWYSj^I�r§Y I•~;XlPMH.IKRWVKXZY j^I

b^LuY&[AIKJMXlN‹jzXlVKXljWYSj^I\R?YSPŽVQNSRzgWe�b^J4YSQ°;IQPŽe�IQNSL1IKHMJMXlViYSP"j^N-PMXlPMH.IKLuYzm3noPMH4Y&[AIKJMXlN‹jzXlVKXljWYSj^I\…†YU‡0VQNSL�{ybWI`YSP

[AIKJMHMb^JMƒ?YSQ°‹IQP²L��^HMb?YSP}IKRyHMJ.I€N�P}VQNSJM[aN�P²IKRyx�NS]fx;Xlj^N�P²H.IKR^t?YUL N0L1IQPML1N0[AIKJM«lN‹j^N^•;YUb^L1IKRyH4YURWj^N&[aNSJMH4YUR‹H.N

�



Y YUL�[^]fXfHMbWj^I�j^IQP4YSPk[aIKJMHMb^JMƒ?YSQ°;IQPim�»€LuY J.IQP.P.NSR?TURWVKXZY®rÀjzXfH4Y IQPMH4_ix�IK]0P.IÀYSPO[AIKJMHMb^JMƒ?YSQ°‹IQP6L �^HMb?YSP

YUb^L1IKR‹H4YSjWYSP [aNSJ´IQPMH4Y0[AIKJMXlN‹jzXlVKXljWYSj^I=LuYURyH.rKL�Y&VQNSL1IKRWPMb^J4YUƒ^Xf]fXljWYSj^I`VQNSRyHMJ4Y&XfR��WbW‰KRWVKXZYSP j^IQPMHMJMbWVKHMXfx�YSPim

�FYU]fx�IK‡"Y€I•~z[^]fXlViYSipSN\LuYUXlP|J4YU‡iN�Yix�IK]^[aIK]ZY€I•~;XlP.H.IKRWVKXZY=j^I}[ANSbWViYSP|J.IQP4P.NSR?TURWVKXZYSPwj^I}P.IKe�b^RWjWY\NSJ.j^IKL�RWN

PMXlP.H.IKLuY"P.NS]ZYUJFr²j^I²{‹bWIoIQPMH4YSP|J.IQP.P.NSR?TURWVKXZYSPFP4pSN"…ªJ4YSViYSPim �´NSL1NŽ…ˆJ4YSViYSPFIKRyH.IKRWj^IKL1N�P3{‹bWI²PMb?YŽIQP.H4YUƒ^Xf]fXljWYSj^I

rw[AIQ{ybWIKR?Yzm|noPMH4Y XfRWP.H4YUƒ^Xf]fXljWYSj^I3…ˆJ.IKRyH.I²vSP‚NSb^HMJ4YSP‚…ˆNSJ.iYSPc{ybWIoYUHMb?YUL
P4NSƒ^J.IoNŽPMXlPMH.IKLuYŽr3j^IKx;XljWY"YSN´…†YUH.N"j^I

{‹bWI N�P3H.IKJML1N�PoJ.IQP.P4NSR?YURyH.IQPoP4pSN`H.IKJML1N�P}j^IŽP.IKe�b^RWjWY0NSJ.j^IKL�R?YSP3I•~^VQIKRyHMJMXlVKXljWYSj^IQP´I R?YSP3XfRWVK]fXfR?YSQ°;IQPim/�;I

IQPMH4YSP€…“NSJ.IKL+L$b^XfH.Nk[AIQ{ybWIKR?YSP••WRWIQVQIQP4YUJMXZYUL1IKR‹H.I�N�P€H.IKJML1N�P\J.IQP.P.NSR?YUR‹H.IQP`jWYSP=P.NS]fbWQ°;IQP'©

¶AD

¬"P.I$H.NSJMR?YUL

j^N�HMXf[AN ������I?�._ R?pSN�P4pSN�LuYUXlPŠjzXfx�IKJMe�IKRyH.IQP••sVQNSL1N YSVQNSRyH.IQVQI VQNSL YSP�J.IQP.P.NSR?TURWVKXZYSPŒj^I�[^JMXfL1IKXfJ4Y

NSJ.j^IKLŠmoG�{ybWI YSVQNSRyH.IQVQI ƒ?YSPMXlViYUL1IKR‹H.IŽr {ybWI´N�PFH.IKJML1N�PwJ.IQP.P.NSR?YURyH.IQP3j^I´P.IKe�b^RWjWY\NSJ.j^IKL�YSViYUƒ?YUL�P.IKRWj^N

j^IQPM[^J.IK‡Q«fx�IKXlPc…ˆJ.IKRyH.I}YSN�PcH.IKJML1N�PcR?pSN€J.IQP.P.NSR?YUH.IQP|j^IoL1IKRWNSJ|NSJ.j^IKLŠm

³

NSJMH4YURyH.N^•�[?YUJ4Y"b^LuY J.IQP.P.NSR?TURWVKXZY=j^I

P.IKe�b^RWjWY'NSJ.j^IKL�P4IKJ"NSƒWP.IKJMxS_ix�IK]†•?YSPŽI•~^VQIKRyHMJMXlVKXljWYSj^IQP€I`XfRWVK]fXfR?YSQ°;IQP"j^IKx�IKL+P4IKJ´e�J4YURWj^IQP&©ª[aNSJ"I•~^IKL�[^]lN^•

Y'I•~^VQIKRyHMJMXlVKXljWYSj^I-j^I0±€]fXfRWjWY1r �zm � �‹¬•m

�F«lPMXlViYUL1IKR‹H.IsY$…ªJ4YSVKb^J4Y'j^I\b^LuY&J.IQP.P.NSR?TURWVKXZY'j^I`NSJ.j^IKL�PMb^[AIKJMXlNSJ [aN;j^I`P.IKJŽI•~;[^]fXlViYSjWY-[AIK]lN&…“YUH.N'j^I

{‹bWI0IKL�b^LuY'J.IQP.P.NSR?TURWVKXZY1j^IsNSJ.j^IKL

q � 2;
I•~;XlP.H.IKL

q
]lNSR^e�XfHMbWj^IQP\j^I0VQNSR��ºb^RWipSNOIKRyHMJ.IsN1[aIKJMHMb^JMƒ?YSj^N

I�N�[AIKJMHMb^JMƒ?YSj^NSJŒ{‹bWI�IQPMH4pSN™b^ƒ^XlViYSjWYSPŠIKL�[AN�PMXlQ°;IQP�PMXfL1rKHMJMXlViYSPi•0I•YSP.P.XfL YSPk…ˆNSJ.iYSP�[AIKJMHMb^JMƒ?YUHMXfx�YSP

J4YSjzXZYUXlP"{‹bWIsP4pSN1YU[^]fXlViYSjWYSP=IKL+ViYSjWY'b^LuY�j^IK]ZYSP€[aN;j^IKL�V.tWIKeyYUJ`Y'P.IsYURyb^]ZYUJ=[?YUJ.VKXZYU]fL1IKRyH.I�m´±=P4PMXfLŠ•WYSP

[AIKJMHMb^JMƒ?YSQ°‹IQP-{‹bWI1[^J.N;jzb^‡iIkYŠJ.IQP.P.NSR?TURWVKXZYŒR?pSN§P4pSN§PMbzg?VKXlIKRyH.IQP-[?YUJ4YŒLuYURyH.IKJ�YŠVQNSL1IKRWPMb^J4YUƒ^Xf]fXljWYSj^I�•

{‹bWIsYSViYUƒ?Y�P.IKRWj^N1{‹bWIKƒ^J4YSjWY'[ANSJ …ˆNSJ.iYSP€I•~;H.IKJMR?YSPim

����� � �� 58� 9(� � %(' 4��=����5/'"02���-/; 5 � ��� 9(��;=' � ����� � ��'"� ��

±=[aq�PFjWY`YU[^]fXlViYSipSN0j^I´YU]fe�b^LL1rKH.N;j^N`j^I²L1rQjzXZY\jWY=H.IQNSJMXZY\j^I´[aIKJMHMb^JMƒ?YSQ°;IQPi•yY€LuYUXlNSJMXZY`j^N�PF[^J.NSƒ^]lIKLuYSP

J.IQP.P4NSR?YURyH.IQP&[aN;j^IKL¤P.IKJsJ.IQjzb^‡QXlj^N�P�YSNŠIQP.HMbWj^NŒj^N�P-V.t?YULuYSj^N�P-t?YUL�Xf]fH.NSR^XZYURWN�P'j^I1±€RWj^N E�IKJi•wH4YUL$ƒArKL

VQNSR^tWIQVKXlj^N�P=VQNSL1N1N�P.IKe�b^RWj^N�L1N;j^IK]lN'…ˆb^RWjWYUL1IKRyH4YU]wj^I`J.IQP.P.NSR?TURWVKXZYŠ© �\IKR^J4YUJ.j >

¢

IKLuYUXfHMJ.I

¶A@CBCD

¬•m

»=Lt?YUL�Xf]fH.NSR^XZYURWN$j^IŽ±=RWj^NAE�IKJi•;r b^L�t?YUL�Xf]fH.NSR^XZYURWN-Y\b^Le�J4YUbuj^IŽ]fXfƒAIKJ.jWYSj^I"{ybWI [AN�P.PMbWIŽY\…“NSJMLuY

H (� ; I ) = aI +
b
2

I 2 + � (2I )
q
2 cos(q� )

©

¶

�‹¬

P.IKRWj^N

a;b
VQNSRWPMH4YURyH.IQP•m

•

N6ViYSP.NOJ.IQP.P.NSR?YUR‹H.I�•7NOXfR‹H.IKXfJ.N

q
r�YuNSJ.j^IKL£jWYOJ.IQP.P.NSR?TURWVKXZYk{‹bWI&IQP.H4_OP4IKRWj^N

J.IK[^J.IQP.IKR‹H4YSjWYz•}I

�
r6N¥TUR^e�b^]lN¥J.IQP4P.NSR?YURyH.I�•}P.IKRWj^N

q�
IQ{‹b^XfxSYU]lIKR‹H.IŠYSN¥TUR^e�b^]lN�VKJM«fHMXlVQN

� k
j^I•gWR^Xlj^N•Y

[?YUJMHMXfJ1jWY¥I•~z[^J.IQP4pSN™©

¶

��¬•m�±+jzXh…“IKJ.IKRWVKXZY¥IKRyHMJ.I

�
I

� k
r�{‹bWI6N¥[^JMXfL1IKXfJ.N�r6b^LuYÀxSYUJMXZ_ix�IK]€ViYURHGSR^XlViY

IKRW{‹b?YURyH.N�N®P.IKe�b^RWj^N R?pSN^m�±¤YSipSN

I
rŒb^LuY•…ˆb^RWipSN®jWYSP6I•~^VQIKRyHMJMXlVKXljWYSj^IQPŠI§jWYSPkXfRWVK]fXfR?YSQ°‹IQPim�±

J.IK[^J.IQP.IKR‹H4YSipSN�j^I\YU]fe�b^LuYSP J.IQP4P.NSR?TURWVKXZYSPŽI•~;H.IKJMR?YSP0©

p < 0
¬²[^J.IQVKXlP4Y&]lIKx�YUJ´IKL�VQNSRyH4Y&b^L�H.IKJML1N�YsLuYUXlP

RWIQPMH.I`t?YUL�Xf]fH.NSR^XZYURWNO{ybWIsRWN�PŽR?pSN1VQNSRWPMXlj^IKJ4YUJ.IKL1N�P-©��´IiYUb^e�r

¶A@C@

�yY�¬•m

G\P"[aNSR‹H.N�P€j^I0IQ{‹b^Xf]fXfƒ^JMXlN1j^IQPMH.I0t?YUL�Xf]fH.NSR^XZYURWNOIQPMH4YUJ4pSN1jWYSj^N�P"[AIK]ZYSP"IQ{‹b?YSQ°‹IQP

dI
dt

= 0
d�
dt

= 0

IKRW{‹b?YURyH.N§{ybWIuYSP0…ªJ.IQ{‹bW‰KRWVKXZYSP&j^IuN�P.VKXf]ZYSipSN
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@



j^I ���^[^XfH.IKJ\IQPMH4_'[AIKJMH.N1jWY']lNSR^e�XfHMbWj^I&j^NuY‘…ˆIK]fXlNuj^NuYSPMH.IKJ.qSXlj^I�•’Y'I•~^VQIKRyHMJMXlVKXljWYSj^I-jzXfL�XfRybWI-j^I`…“NSJMLuY'H4YU]

j^IsIKx;XfH4YUJ€{‹bWI&YSP"NSJMƒ^XfH4YSP=[AN‹jWYUL+P4I0XfRyH.IKJ.P.IQVKH4YUJ`I0[^J.N•x�N‹ViYUJ\b^LuY�VQNS]fXlP4pSNOIKRyHMJ.I-N�P"VQNSJM[aN�P•m}± �FXfe�b^J4Y

�'IQP.{‹bWIKLuYUHMXf‡•Y�IQPMH.I0VQNSL�[ANSJMH4YUL1IKRyH.NORyb^L•jzXZYUe�J4YULuY

k = ecos($ � $ J); h = esin($ � $ J)

�FXfe�b^J4Y �zµonoP.{‹bWIKLuY�j^N1YSVQNS[^]ZYUL1IKR‹H.N

$ ; e
m

����� � ;=')4/����# � %<021 � +�-�'"9<% �'� %�� '

³

YUJ4Y-x�IKJ"VQNSL1N-…ªb^RWVKXlNSR?Y'N-L1IQViYUR^XlPML1N�j^I0IQP.H4YUƒ^Xf]fXf‡•YSipSN1j^I\b^LuY-J.IQP.P.NSR?TURWVKXZY'I•~z[^]fXlViYUJ.IKL1N�P€Y'P.IKe�b^XfJ

N`…“IKRWNSL1IKRWN$VQNSLžb^L I•~^IKL�[^]lN^•ybWP4YURWj^N$b^L L1N;j^IK]lN$PMXfL�[^]fXhg?ViYSj^N&j^I"J.IQP.P4NSR?TURWVKXZYsj^IŽ[^JMXfL1IKXfJ4Y&NSJ.j^IKLŠm

�´NSRWPMXlj^IKJ.IKL1N�P'j^NSXlP-P4YUH.rK]fXfH.IQP'j^IuLuYSP¿YSP

m1; m2
IKL½qSJMƒ^XfH4YSP'VQNS[^]ZYUR?YUJ.IQP1YSNŠJ.IQj^NSJ'j^Iub^L [^JMXfLuYUJMXlN^m




YUL1N�P€H.NSLuYUJ

m1 � m2
•?P.IKRWj^N

m1
N1P¿YUH.rK]fXfH.I0LuYUXlP"XfR‹H.IKJMRWN^•’VKb��.Y�qSJMƒ^XfH4Y�x�YUL1N�P€P.b^[aNSJ€VQNSL1NOP.IKRWj^N

VKXfJ.VKb^]ZYUJi•;I

m2
N0LuYUXlP}I•~;H.IKJMRWN&VQNSL b^LuY$qSJMƒ^XfH4YsVKb��.Y0I•~zVQIKR‹HMJMXlVKXljWYSj^I`r"PMXfe�R^Xhg?ViYUHMXfx�Yzm²G\PoL1Nix;XfL1IKRyH.N�P

L1rQjzXlN�P"P¿pSN1PMb^[AN�PMH.N�PŽVQNSL1IKRWPMb^J4_Qx�IKXlP••WR?Y-…“NSJMLuY

n2

n1
'

p + 1
p

p < 0

©ª[ANSXlP=r&b^LuYuJ.IQP.P.NSR?TURWVKXZYkI•~;H.IKJMR?Y�¬••AI&[aN;j^IKL1N�P`YSPMb^L�XfJ\{‹bWI'Y1XfR��WbW‰KRWVKXZYkj^I

m2
P.NSƒ^J.I

m1
[AN‹j^I&P.IKJ

j^IQPM[^J.IK‡•YSjWYzm²±�PMXfHMb?YSipSNur0L1N�PMHMJ4YSjWY'R?Y �FXfe�b^J4Y �zm

±�]lNSR^e�XfHMbWj^I�j^I-VQNSR��¾b^RWipSN�j^N�P\P¿YUH.rK]fXfH.IQP=[AN;j^I&P.IKJ\J.IK[^J.IQP.IKR‹H4YSjWY�YUHMJ4YQx�rQP0jWYu…ªb^RWipSNkj^I•gWR^XljWYkR?Y

…“NSJMLuY

 = (p + 1)� 1 � p� 2
Y§{yb?YU] IQPMH4_ŠXfRyHMXfLuYUL1IKRyH.IŠ]fXfeyYSjWYÀv§j^I•gWR^XlipSN�jWYŒxSYUJMXZ_ix�IK]´J.IQP4P.NSR?YURyH.I6j^N§[^J.NSƒ^]lIKLuYz•3[aNSXlP'N¥TUR^e�b^]lN

J.IQP.P4NSR?YURyH.Iur

� =  � $ 2
m �´NSRWPMXlj^IKJ.IKL1N�P-IKL„[^JMXfL1IKXfJ.NŠ]fb^eyYUJ-{ybWI1Y�VQNSR��¾b^RWipSNŒIKR‹HMJ.IuN�P&P4YUH.rK]fXfH.IQP

N;VQNSJMJ4Y�j^IK[ANSXlP$j^N�[AIKJMXlVQIKRyHMJ.N§j^I

m2
LuYSP&YUR‹H.IQP&j^I1P4IKb YU[aN;VQIKRyHMJ.N ©ª[aN�PMXlipSN§±`¬•m

•

Y�VQNSR��¾b^RWipSN

m1
I•~^IKJ.VQI�b^LuYk…“NSJ.iY6P.NSƒ^J.I

m2
{‹bWI�IQPMH4_�jzXfJMe�XljWY6J4YSjzXZYU]fL1IKR‹H.IuR?YŠjzXfJ.IQipSNŒj^N�[^JMXfLuYUJMXlN^•FIKRW{yb?YUR‹H.N

m2
IQPMH4_ŠP.I1L1N•x�IKRWj^NŒ[?YUJ4YŠ…ˆNSJ4Y�R?Y�L1IQjzXljWY§{ybWIOIQPMH4_�P4YUXfRWj^NÀj^NŠ[AIKJMXlVQIKRyHMJ.NÀIKL jzXfJ.IQipSN¥YSN§YU[AN‹VQIKR‹HMJ.N^m

³

NSJMH4YURyH.N^• H.IKL1N�POIKRWIKJMe�«ZY•{‹bWI�r�J.IKL1Nix;XljWY•j^N�L1N•x‹XfL1IKR‹H.N j^I

m2:
±=]lrKL j^N�LuYUXlPi•´VQNSL1N YSPujzb?YSP

qSJMƒ^XfH4YSP"IQP.H4pSN�jzXfx�IKJMe�IKRWj^N1RWIQP.P.I\[ANSRyH.N^•WN�P€j^NSXlP"P4YUH.rK]fXfH.IQP"IQPMH4YUJ4pSN'LuYUXlP"[^J.NQ~zXfL1N�P"b^L�j^N1NSb^HMJ.N1YUR‹H.IQP

jWYŽVQNSR��¾b^RWipSN'©ª[aN�PMXlipSN �"¬•m �´NSL1N\YŽx�IK]lN‹VKXljWYSj^I YUR^e�b^]ZYUJ|j^I

m1
r3LuYUXlNSJi•SIQPMH.I²P¿YUH.rK]fXfH.I²IQPMH4YUJ4_"J.IKHMJ4YSP4YSj^N

VQNSL�J.IQPM[AIQVKH.N0Y

m2
YURyH.IQP3jWY\VQNSR��¾b^RWipSN0I²[ANSJMH4YURyH.N0I•~^IKJ.VQIKJ4_=b^LuY=…ˆNSJ.iY=j^I}…ªJ.IiYSj^N`P.NSƒ^J.I

m2:
G I•…“IKXfH.N

RWIKH.N-j^IQPMH4Y&[aIKJ.jWY&j^I\IKRWIKJMe�«ZY&P4IKJ4_-Y&jzXfL�XfRyb^XlipSN�j^N&H4YULuYUR^tWN�jWY&NSJMƒ^XfH4Y&j^I

m2
YUb^L1IKRyH4YURWj^N1YSP.PMXfL�Y

PMb?Y0x�IK]lN‹VKXljWYSj^I\YUR^e�b^]ZYUJim3n3L$ƒANSJ4Y$IQP.H.I"I•…ˆIKXfH.N$P.II�MY0[aIQ{‹bWIKRWN^•‹Y0ViYSjWY$VQNSR��ºb^RWipSN&IK]lI"r=YUb^L1IKR‹H4YSj^N$[AIK]ZY

¶

�



�FXfe�b^J4Y �zµ �ÀN‹j^IK]lN�PMXfL�[^]fXhg?ViYSj^NŒj^I'J.IQP.P.NSR?TURWVKXZY�qSJMƒ^XfH4YO”€qSJMƒ^XfH4Yzm

•

Yk[aN�P4PMXlipSN�± N�PsP¿YUH.rK]fXfH.IQPsIQPMH4pSN

IKL�VQNSR��¾b^RWipSN^m

J.IK[AIKHMXlipSN1j^IQPMH4Y�VQNSRzgWe�b^J4YSipSN^m GYUb^L1IKRyH.NuR?Y'x�IK]lN;VKXljWYSj^I$YUR^e�b^]ZYUJ=j^I

m2
…†YU‡sVQNSL+{‹bWIsYSP€PMbWVQIQPMXfx�YSP

VQNSR��¾b^RWQ°‹IQP€N‹VQNSJMJ4YUL+ViYSjWY�x�IK‡sLuYUXlPŽ[AIKJMH.N1j^N1YU[aN;VQIKRyHMJ.N^m

·`I-LuYURWIKJ4Y�YUR?YU]lNSeyYz•‚P.I�YkVQNSR��¾b^RWipSNŠN‹VQNSJMJ.I'j^IK[ANSXlP0j^N�YU[aN;VQIKRyHMJ.N�LuYSPsYUR‹H.IQPsj^Nk[aIKJMXlVQIKR‹HMJ.NŠj^I

m2;
IK]ZY$r€]lIKx�YSjWY0RWN•xSYUL1IKR‹H.I\IKL�jzXfJ.IQipSN-j^N&YU[AN‹VQIKR‹HMJ.N^m

³

NSJMH4YUR‹H.N1Y0XfR‹H.IKJ4YSipSN&e�J4Yix‹XfH4YSVKXlNSR?YU]AH.IKRWj^I`Y

LuYUR‹H.IKJ²Y€]lNSR^e�XfHMbWj^IŽj^I VQNSR��¾b^RWipSN`[aIKJMH.N0j^N0YU[AN‹VQIKR‹HMJ.N0j^I

m2:
¹ºPMH.N=P.Xfe�R^Xhg?ViY`{ybWI N0TUR^e�b^]lN`J.IQP.P.NSR?YUR‹H.I

YU[^J.IQP.IKR‹H4Y�b^LuYŠ]fXfƒ^J4YSipSNŒIKL„H.NSJMRWN§j^I

180� •cIOYSP.PMXfL Y�VQNSL1IKRWP.b^J4YUƒ^Xf]fXljWYSj^Ikr1LuYURyHMXljWY®© �\J.IQIKRyƒAIKJMe

¶A@

� ��¬•m

�’YU‡iIKRWj^N'b^LuY�YUR?YU]lNSe�«ZY'VQNSL�N-[ArKRWjzb^]lN�PMXfL�[^]lIQPi•;RWIQPMH.I`I•~^IKL�[^]lN�N&[AIKJMXlVQIKRyHMJ.N�j^I

m2
IQ{‹b^XfxSYU]lI0YSN

[ANSRyH.Nsj^I=IQ{yb^Xf]fXfƒ^JMXlN$XfRWPMH4_Qx�IK]aj^N0[ArKRWjzb^]lN^•‹IKRW{‹b?YURyH.N&N$YU[aN;VQIKRyHMJ.N&P.IKJMXZYsNs[aNSR‹H.Nsj^I€IQ{‹b^Xf]fXfƒ^JMXlN$IQPMH4_ix�IK]†m

»=LuY'[^JMXfL1IKXfJ4YOViYUJ4YSVKH.IKJM«lPMHMXlViYOj^IQPMH.I0L1IQViYUR^XlPML1Nkj^I$IQPMH4YUƒ^Xf]fXf‡•YSipSN^•ar$Y1H.IKRWj^IKRWVKXZY1jWY�J.IQP4P.NSR?TURWVKXZY

YkP.I-LuYURyH.IKJsVQNSR‹HMJ4YŠYOXfR��WbW‰KRWVKXZY�j^I-…“NSJ.iYSP0jzXlPMJMJMb^[^HMXfxSYSP•m �‹b^[ANSR^t?Yk[aNSJ0I•~^IKL�[^]lN^•‚{ybWI1YkVQNSR��¾b^RWipSN

N;VQNSJMJ4Y•P.IKL�[^J.I§RWN YU[AN;VQIKRyHMJ.N®IKL …“NSJMLuY I•~WYSVKH4Y�©ˆP.IKL ]fXfƒ^J4YSipSNy¬OIŒ{‹bWI§Y•NSJMƒ^XfH4Y j^I

m1
IQPMH.II�MY P.I

I•~z[?YURWjzXfRWj^N0j^IKx‹Xlj^N0Y=XfRyH.IKJ4YSQ°;IQP3VQNSL�N=[^JMXfLuYUJMXlNsViYUbWP4YSjWYSPw[ANSJc…“NSJ.iYSP3j^I´LuYUJ.r`©��´b^JMRWP

¶A@CB

��¬•mwn3R‹H4pSN

Ysx�IK]lN‹VKXljWYSj^I`YUR^e�b^]ZYUJ´j^I

m1
jzXfL�XfR‹b^XfJ4_&I\YSP}P.bWVQIQPMXfxSYSP´VQNSR��¾b^RWQ°‹IQP´VQNSL1IQiYUJ4pSN�YsN;VQNSJMJ.IKJ}]fXfe�IKJ4YUL1IKR‹H.I

j^IK[ANSXlP�j^N•YU[aN;VQIKRyHMJ.N^m

¢

NSe�N•H.IKJ.IKL1N�P�b^LuYÀHMJ4YURWP¾…“IKJ.IKRWVKXZY�P.IQVKb^]ZYUJ1j^I6L1NSL1IKRyH.N YUR^e�b^]ZYUJi•}{‹bWI�P.IKJ4_

HMXfJ4YSj^N&j^I

m1
LuYSP}YU[AIKR?YSP²R?Y �ºbWPMH4Ys{yb?YUR‹HMXljWYSj^I€[?YUJ4Y$VQNSRWP.IKe�b^XfJ²LuYUR‹H.IKJ Y0VQNSL1IKRWP.b^J4YUƒ^Xf]fXljWYSj^I=VQNSR‹HMJ4Y

Y-H.IKRWj^IKRWVKXZYujWYSP …ˆNSJ.iYSP€j^I0LuYUJ.rsIKL�j^IQPMHMJMb^«h”†]ZYzm

»=LuY1P4IKe�b^RWjWY1ViYUJ4YSVKH.IKJM«lPMHMXlViYk{‹bWI0[aN;j^IKL1N�P\j^IQP.VKJ.IKx�IKJi•’r&{ybWI&P.I$YSP\VQNSR��ºb^RWQ°;IQP\N‹VQNSJMJ.IKL•P.IKL�[^J.I

[AIKJMH.N0j^N$YU[AN‹VQIKR‹HMJ.N$j^I

m2;
Y\…“NSJ.iY\J4YSjzXZYU]’{‹bWIŽI•~zIKJ.VQI

m1
ViYUbWP4YUJ4_`b^LuYsYSVQIK]lIKJ4YSipSN&j^I

m2
R?Y0jzXfJ.IQipSN

j^N�[^JMXfLuYUJMXlN^m ±dqSJMƒ^XfH4Y•j^I

m2
IKR‹H4pSN^• H.IKRWj^IKJ4_ Y�jzXfL�XfR‹b^XfJkP4IKb H4YULuYUR^tWN ©ˆP.IKb P.IKL�XlIKXh~zNy¬�IŠVQNSL1N

VQNSRWP.IQ{‹bW‰KRWVKXZYz•

m2
YU]lViYURWiYUJ4_$PMb?Y`Lu_‘~zXfLuYsYU[^J.NQ~zXfLuYSipSN$j^Ns[^JMXfLuYUJMXlNs]fXfe�IKJ4YUL1IKRyH.I`YURyH.IQP}j^Ns{‹bWI"P.IKJM«ZY

N�RWNSJMLuYU]`P.I

m1
R?pSN I•~;XlP.HMXlP.P.I�m

³

NSJMH4YUR‹H.N�N�[aIKJMXftWIK]fXlN®j^I

m2
YU[^J.IQP4IKRyH4YUJ4_ b^L j^IQPM]lN;ViYUL1IKRyH.N�IKL

P.IKR‹HMXlj^N-J.IKHMJ.qSe�J4YSj^N^•WI=P4I

m1
…ˆNSJ´L$b^XfH.N'LuYSP.Xfx�N-IQP.H4Ys[^J.IQVQIQP4pSN-J.IKHMJ.qSe�J4YSjWY�jWY$]fXfR^t?Y-jWYSP"_U[WPMXlj^IQP´[aN;j^I

j^NSL�XfR?YUJ\P.NSƒ^J.I&Y'[^J.IQVQIQP¿pSNuIKL¼P4IKRyHMXlj^NujzXfJ.IKH.NO{ybWI&rsViYUbWP4YSjWY1[aIK]ZYSP€[aIKJMHMb^JMƒ?YSQ°;IQP=P4IQVKb^]ZYUJ.IQP=j^IKx;XljWYSP

YSN1YSV4t?YUH4YUL1IKRyH.Nkj^N�[^JMXfLuYUJMXlNuIsv-[^J.IQP.IKRWVKXZY1j^N�P€NSb^HMJ.N�P"P4YUH.rK]fXfH.IQP=j^N1PMXlPMH.IKLuYzm

¶�¶



�FXfR?YU]fL1IKR‹H.IŒb^LuY¥H.IKJ.VQIKXfJ4Y ViYUJ4YSVKH.IKJMXlPMHMXlViY•rŒjWYSjWY�[ANSJ�b^L YUb^L1IKRyH.N P.IQVKb^]ZYUJOjWY•I•~zVQIKR‹HMJMXlVKXljWYSj^I

j^I

m2:
�´NSL1N �M_O…“NSX²jzXfH.N^•wYSP0…“NSJ.iYSPsj^I1LuYUJ.r�[AN;j^IKL¤ViYUbWP4YUJ$VQNSL½{ybWIuYŠqSJMƒ^XfH4Y�j^I

m1
H.IKRWjWYŒY�P.I

I•~z[?YURWjzXfJŽI\YSP VQNSR��¾b^RWQ°‹IQPŽN;VQNSJMJ.IKJ4pSN-]fXfe�IKJ4YUL1IKRyH.I$YU[Aq�P j^N-YU[AN‹VQIKR‹HMJ.N^mo± …“NSJ.iY&J4YSjzXZYU]AP4NSƒ^J.I

m2
P.IKJ4_

IKR‹H4pSNsYU[^]fXlViYSjWY`Ryb^L�[ANSRyH.N0{‹bWIŽP.IŽYSV.t?Y`IKR‹HMJ.I"NsYU[AN‹VQIKR‹HMJ.N0IŽN`[aIKJMXlVQIKR‹HMJ.N^•�LuYSP3{‹b?YU]l{ybWIKJw…“NSJ.iY\J4YSjzXZYU]

j^IQP.P4I$HMXf[AN1…†YU‡'VQNSLd{‹bWI

m2
ViYUXZYOLuYUXlP\[aIKJMH.N6j^Nk[^JMXfLuYUJMXlN^•‚YUb^L1IKRyH4YURWj^N§YSP.PMXfLdPMb?YuI•~^VQIKRyHMJMXlVKXljWYSj^I�m

�;IsYSP=VQNSR��ºb^RWQ°;IQP€N;VQNSJMJ.IKL+P.IKL�[^J.I$YU[Aq�P"j^NuYU[AN;VQIKRyHMJ.N^•?N1J.IQPMb^]fH4YSj^N'gWR?YU]cP.IKJ4_�b^L¼YUb^L1IKRyH.NOP.IQVKb^]ZYUJ

jWY'I•~^VQIKRyHMJMXlVKXljWYSj^I-j^I

m2
©

³

IiYU]lI

¶A@

� ��¬•m

����� ��������� ��!"�$#&%('"�  %(58�6����#2��� �� %<#&%�4�'"4��

±\P0J.IQP.P.NSR?TURWVKXZYSP-j^IQPMH.I�HMXf[ANŒP4I1ViYUJ4YSVKH.IKJMXf‡•YUL [AIK]lN�…†YUH.NŠj^I1{‹bWIuN�P-TUR^e�b^]lN�P$J.IQP4P.NSR?YURyH.IQP&[aN�P4PMbWIKL Y

…“NSJMLuY

� = (p + q)� 1 � p� 2 + (r � q)$ 2 � r $ 1
©

¶

��¬

IŽVQNSRWPMHMXfHMbWIKL�Y\e�J4YURWj^I"LuYUXlNSJMXZY0jWYSP²J.IQP.P.NSR?TURWVKXZYSPoVQNSR^tWIQVKXljWYSP•m

³

J.IQVKXlP4YUL1IKR‹H.I=Y0j^IQP.VKJMXlipSN${yb?YU]fXfH4YUHMXfx�Y

…“IKXfH4Y1YSVKXfLuYOP.IsVQNSJMJ.IQPM[ANSRWj^I&VQNSL•IQPMH.IsHMXf[ANuj^I$J.IQP.P.NSR?TURWVKXZYzm

•

IQP.P.I$ViYSP.N1[?YUJMHMXlVKb^]ZYUJ`N1L1IQViYUR^XlPML1Nkj^I

IQPMH4YUƒ^Xf]fXf‡•YSipSN6jWYOJ.IQP.P.NSR?TURWVKXZYOr'VQNSR^tWIQVKXlj^N6VQNSL1NOL1IQViYUR^XlP.L1Nkj^I'YU]fH4YkI•~zVQIKR‹HMJMXlVKXljWYSj^I�ms»=L•I•~^IKL�[^]lN

ƒAIKL�VQNSR^tWIQVKXlj^Nur0N�ViYSP.NujWY-J.IQP.P.NSR?TURWVKXZY

D

µ �uIKR‹HMJ.I$N�P"P¿YUH.rK]fXfH.IQP � XfH4YURŒI�� E‹[ArKJMXlNSR‚m

n3~;XlPMH.IsH4YUL$ƒArKL+b^L+L1IQViYUR^XlP.L1Nuj^IsIQPMH4YUƒ^Xf]fXf‡•YSipSNkj^I0ƒ?YUXh~WY1I•~^VQIKRyHMJMXlVKXljWYSj^I-{ybWI&YSVKHMb?Y1{‹b?YURWj^NOY

I•~^VQIKRyHMJMXlVKXljWYSj^I"j^N0VQNSJM[AN`[AIKJMHMb^JMƒ?YSj^N
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NSb^HMJ.N�P&[^]ZYURWIKH4YSPimÀ±=P&LuYUXlP$XfL�[ANSJMH4YURyH.IQP�P¿pSNÀYS{‹bWIK]ZYSP&{‹bWIuVQNSJMJ.IQP.[aNSRWj^IKL YSNÀPMXlPMH.IKLuY �;NS]}” ���^[^XfH.IKJ

” �zYUHMb^JMRWN^•}Ik{‹bWIkP¿pSNÀV4t?YULuYSjWYSP

g5; g6
I

s6
m•±\P'jzb?YSP'[^JMXfL1IKXfJ4YSP1IQPMH4pSN�YSP.N;VKXZYSjWYSP1vŠx�YUJMXZYSipSN�jWYSP

I•~^VQIKRyHMJMXlVKXljWYSj^IQP\I$YSP"]lNSR^e�XfHMbWj^IQP\j^I0[AIKJMXftWIK]fXlNuj^I�� �^[^XfH.IKJ\I �zYUHMb^JMRWNOJ.IQPM[AIQVKHMXfxSYUL1IKR‹H.I�•?I$Y'b^]fHMXfLuYuP.I

VQNSJMJ.IQPM[ANSRWj^IsVQNSLdY-xSYUJMXZYSipSNOjWY'XfRWVK]fXfR?YSipSNOI0jWY�]lNSR^e�XfHMbWj^I&j^I0RWN;j^N�L&b^HMb?YSP=IKR‹HMJ.I&YSP"jzb?YSP=NSJMƒ^XfH4YSPim

±\P.PM«fLŠ•SYSPc[^JMXfRWVKXf[?YUXlPFJ.IQP.P4NSR?TURWVKXZYSPFP4IQVKb^]ZYUJ.IQP|RWN\VKXfRyHMb^J4pSN`j^I´YSPMH.IKJ.qSXlj^IQPwN‹VQNSJMJ.IKL�{yb?YURWj^N`YSPc…ªJ.IQ{‹bWIiTURz”

VKXZYSP

g0; s0
j^N$YSPMH.IKJ.qSXlj^I"P4pSN$VQNSL1IKRWPMb^J4_Qx�IKXlP´VQNSL YU]fe�b^LuY0j^IQP.H4YSP3…ˆJ.IQ{ybW‰KRWVKXZYSPimwnoP.H4YSPoJ.IQP.P.NSR?TURWVKXZYSP}P4pSN

¶AB



V4t?YULuYSjWYSP

� 5; � 6
I

� 16
J.IQPM[AIQVKHMXfxSYUL1IKR‹H.I�•WXlPMH.N�r

� 5 � g0 ' g5 = d$ J
dt

� 6 � g0 ' g6 = d$ S
dt

� 16 � s0 ' s6 = d
 JS
dt
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qSXlj^IQPi•aRWNk[^]ZYURWN

a; i
VQNSRWPMXlj^IKJ4YURWj^N

e = 0:1
© �§NSJMƒ^Xlj^IK]f]fX/> �\IKR^J4YUJ.j7•
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Y ��YUX2> Á`XfRWN�PMt^XfH4Y�©

¶A@CB

��¬••

�

N�PMt^X ��Y � Y
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¬•• �§NSJMƒ^Xlj^IK]f]fX�> �=IKR^J4YUJ.j�©
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ƒ’¬••AIKH.V�m �ÀNSJMƒ^Xlj^IK]f]fX�> �ÀN‹NSRWP'©
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IQPMHMbWjWYUL¨[ANSJ�I•~zIKL�[^]lN�YÀN‹VQNSJMJ.IKRWVKXZY¥j^IkJ.IQP.P4NSR?TURWVKXZYSP�P.IQVKb^]ZYUJ.IQP1VQNSL$ƒ^XfR?YSjWYSPuVQNSL½J.IQP4P.NSR?TURWVKXZYSP1j^I

L1N•x‹XfL1IKR‹H.N�P€L1rQjzXlN�Pim

±\P|J.IQP.P.NSR?TURWVKXZYSPoP.IQVKb^]ZYUJ.IQPF[AN‹j^IKL�LuYUR^Xh…“IQPMH4_‘” P.I´H4YUL$ƒArKLRWN�PwPMXlPMH.IKLuYSPwj^I P4YUH.rK]fXfH.IQPimw»=L�I•~^IKL�[^]lN

ƒAIKL VQNSR^tWIQVKXlj^N�IkNŒViYSP.NÀj^N�P'P4YUH.IK]fXfH.IQP'j^I?�zYUHMb^JMRWN^•

¸

tWIiY§I � XfH4YUR‚•oNSRWj^IkP.IO[aN;j^IuNSƒWP4IKJMxSYUJ'{ybWIkN

[AIKJMXftWIK]fXlNsj^I

¸

tWIiY`]fXfƒ^J4YsYSN0J.IQj^NSJ´j^N0[aIKJMXftWIK]fXlN&j^I � XfH4YUR§© �\J.IQIKR‹ƒaIKJMeW•
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� ��¬•m²G VQNSL�[ANSJMH4YUL1I �ŽRyH.N'j^I

¸

tWIiY'rsj^NSL�XfR?YSj^N1[ANSJ � XfH4YURŒVKb��.Y'LuYSP4Y�IsL$b^XfH.N1LuYUXlNSJi•’I`H4YUL$ƒArKL+[AIK]lNuYSV.t?YUH4YUL1IKR‹H.N6j^I �zYUHMb^JMRWN^m

G
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XfRWVK]fbWI}N�P7H.IKJML1N�P|P4IQVKb^]ZYUJ.IQPcj^IKx;Xlj^N�PFYSN"I•…“IKXfH.NŽe�J4Yix‹XfH4YSVKXlNSR?YU]^j^I�� XfH4YUR-I²YSN"I•…“IKXfH.N"HMXljWYU]‹j^N=YSV.t?YUH4YUL1IKRyH.N

j^I �zYUHMb^JMRWN^•’I`J.IQP.NS]fx�IKRWj^NuYSP"IQ{‹b?YSQ°‹IQP=j^I

¢

YUe�J4YUR^e�IsR?YSP"xSYUJMXZ_ix�IKXlP

h; k
©

¢

YU‡Q‡•YUJ.N
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�´NSL1N �.Y x‹XfL1N�Pi•\N�PŠYSPMH.IKJ.qSXlj^IQP�[AN;j^IKL�P.NU…ªJMXfJ6e�J4YURWj^IQPŠN�P4VKXf]ZYSQ°‹IQP�j^I�P.IKbWP�IK]lIKL1IKR‹H.N�PŒj^IKx;Xlj^N YSN�P

H.IKJML1N�P P.IQVKb^]ZYUJ.IQPŽVQNSRWPMXlj^IKJ4YSj^N�P R?Y$…ˆb^RWipSN$[AIKJMHMb^JMƒ?YSj^NSJ4Yzm

•

N-IKRyH4YURyH.N^•WXfRyH.IKe�J4YSQ°;IQP Ryb^L1rKJMXlViYSP …“IKXfH4YSP

[ANSJ �^J4YUR��;]fXfR�IKH`YU]†m-©
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�

µ
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YU[^J.IQP.IKRyH4YULŠ•AR‹b^LuY

IQP.ViYU]ZY1j^IsH.IKL�[ANuj^IsVQIKR‹H.IKR?YSP\j^I-YURWN�Pi•Wb^L•VQNSL�[aNSJMH4YUL1IKR‹H.NkL�XlPMH.N1{‹bWI&YU]fH.IKJMR?Y1IKR‹HMJ.I$b^LuY1]fXfƒ^J4YSipSN

jWYŒ]lNSR^e�XfHMbWj^I6j^NŒ[AIKJMXftWIK]fXlN¥j^NÀYSPMH.IKJ.qSXlj^I6IKR‹H.NSJMRWNÀj^N§[AIKJMXftWIK]fXlNÀj^I ���^[^XfH.IKJŠ©ˆVQNSL1NÀRWN§ViYSP4N§j^IOb^LuY

J.IQP.P4NSR?TURWVKXZY�P.IQVKb^]ZYUJ¿¬••aI0b^LuY']fXfƒ^J4YSipSNuj^NkY‘…ˆIK]fXlNuj^NuYSPMH.IKJ.NSXlj^I&YSNuJ.IQj^NSJ=jWY']lNSR^e�XfHMbWj^I&j^I$VQNSR��¾b^b^RWipSN

IKR‹HMJ.I ���^[^XfH.IKJ$I'NŠYSPMH.IKJ.qSXlj^IŠ©ˆVQNSL1N6RWN�ViYSP.N6j^I'b^LuYkJ.IQP.P.NSR?TURWVKXZY6j^I'L1N•x‹XfL1IKR‹H.N�PsL1rQjzXlN�Psj^I'ƒ?YUXh~WY

I•~^VQIKRyHMJMXlVKXljWYSj^I•¬•m ±�YU]fH.IKJMR?TURWVKXZY1IKRyHMJ.I&IQPMH.IQP€j^NSXlP"HMXf[aN�P=j^IsVQNSL�[aNSJMH4YUL1IKR‹H.Nu]lIKx�YUJ4YUL¼Y �`J.IQIKRyƒAIKJMe >

�^J4YUR��;]fXfR ©
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� ��¬ŽY-[^J.NS[ANSJ"b^L�L1N;j^IK]lN1j^I`]fXfƒ^J4YSQ°;IQP=YSVQNS[^]ZYSjWYSPim

•

IQPMH.I}L1N‹j^IK]lN\VQNSRWPMXlj^IKJ4Y‘” P.IŽY€J.IQP.P.NSR?TURWVKXZY`YSPMH.IKJ.NSXljWYU]

�

µ

¶

© ���^[^XfH.IKJoI YSPMH.IKJ.qSXlj^I•¬|VQNSL�qSJMƒ^XfH4YSP3{‹b?YSP.I

VKXfJ.VKb^]ZYUJ.IQP=I0VQNS[^]ZYUR?YUJ.IQP-©

e ' 0; i ' 0
¬•mo·`I•gWR^XfRWj^NuYSPŽx�YUJMXZ_Qx�IKXlP

h = esin($ � $ J) k = ecos($ � $ J)

YSPŽIQ{‹b?YSQ°‹IQP"[^]ZYURWIKH4_UJMXZYSP=j^I

¢

YUe�J4YUR^e�I$[aN;j^IKL'” P.I0IQP.VKJ.IKx�IKJ=VQNSL1N�b^L�PMXlPMH.IKLuY']fXfRWIiYUJ€R?pSN'tWNSL1NSe�IKRWIQN

VKb��.Y'P.NS]fbWipSN1r0jWYSjWY'[AIK]ZY'I•~z[^J.IQP4pSN

h = C sin(�t + � ) + D
� � � sin(� t) + K eJ

k = C cos(�t + � ) + D
� � � cos(� t)

©

¶A@

¬

NSRWj^I

C
I

�
P4pSN�VQNSRWPMH4YURyH.IQP�j^IÀXfRyH.IKe�J4YSipSN™{‹bWIÀj^IK[aIKRWj^IKL�jWYSP6VQNSRWjzXlQ°;IQP6XfR^XlVKXZYUXlPkI

�; �
P¿pSN®YSP

…ˆJ.IQ{ybW‰KRWVKXZYSPuj^IŠN�P.VKXf]ZYSipSN•]fXfx;J.IŠIk…“NSJ.iYSjWY�J.IQPM[AIQVKHMXfx�YUL1IKRyH.I�m

³

IKJ.VQIKƒ?YUL1N�P6{‹bWIŠY�jzXh…ˆIKJ.IKRWVKXZY•ƒ?_SPMXlViY

IKR‹HMJ.I€IQPMH4YSPoP4NS]fbWQ°‹IQP}I€YSP²IQ{‹b?YSQ°‹IQP=©

¶

��¬3r"jWYSjWYs[aIK]ZYsYU[?YUJMXlipSN&j^N0H.IKJML1N$VQNSRWP.H4YURyH.I

K eJ
R?YsI•~z[^J.IQP4pSN

j^I

h
{ybWI´J.IQVQIKƒAI N€RWNSL1I j^I I•~zVQIKR‹HMJMXlVKXljWYSj^I …“NSJ.iYSjWYzmF± J.IK[^J.IQP.IKRyH4YSipSNsj^IQP.H4Y€P.NS]fbWipSN`RWN\IQPM[?YSQN

(h; k)
YU[?YUJ.IQVQIŽIQP.{‹bWIKLuYUHMXf‡•YSjWY\R?Y �FXfe�b^J4Y

¶

�zm � PMXfL�[^]lIQPwx�IKJ3{ybWI {‹b?YURWj^N

( D
� � � � K eJ) < C < ( D

� � � + K eJ)
N1TUR^e�b^]lN

$ � $ J
YU[^J.IQP4IKRyH4YUJ4_uYU]fH.IKJMR?YSjWYUL1IKR‹H.I$b^LuY1VKXfJ.VKb^]ZYSipSNuI`b^LuY']fXfƒ^J4YSipSN^m

����� ��������� ��!"�$#&%('64/�������&' %

� ƒaIKL VQNSR^tWIQVKXlj^N'{ybWI=P.NSƒON&I•…ˆIKXfH.N&j^I"[AIKJMHMb^JMƒ?YSQ°‹IQP´[^]ZYURWIKH4_UJMXZYSP N&YUJMe�b^L1IKR‹H.N-j^N&[AIKJMXftWIK]fXlN

!
j^I=b^L

VQNSJM[ANŠR?pSNŒLuYSPMXfx�NŒr1…ˆNSJ.iYSj^NÀY�[^J.IQVQIQP4YUJim�n3L
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•wÁ€NS‡•YUXŽYSV.tWNSb�{ybWIuRWNŒVKXfRyHMb^J4pSNÀj^IOYSP.H.IKJ.qSXlj^IQPi•
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¶

�zµonoP4{ybWIKLuYUHMXf‡•YSipSNOjWYSPŽ]fXfƒ^J4YSQ°‹IQP\YSVQNS[^]ZYSjWYSPim

IQPMH4Y-[^J.IQVQIQP¿pSNuYSViYUƒ?YUƒ?Y1{‹b?YURWj^NuY'XfRWVK]fXfR?YSipSNOV.tWIKeyYUƒ?YuY�xSYU]lNSJ.IQPŽL&b^XfH.N1e�J4YURWj^IQPim}±�jzXfR?TUL�XlViY�g?ViYUƒ?Y

IKR‹H4pSN$ViYUJ4YSVKH.IKJMXf‡•YSjWY&[aIK]ZYs]fXfƒ^J4YSipSN&j^I

!
IKRyH.NSJMRWN-j^I

@

� � NSb

�

��� � •yVQNSRWP.HMXfHMb^XfRWj^NU” P.I€R‹b^LuYsJ.IQP4P.NSR?TURWVKXZY

VQNSR^tWIQVKXljWY�VQNSL1N1J.IQP.P.NSR?TURWVKXZY1j^I0Á=NS‡•YUX†m

»=LuY-j^IQP.VKJMXlipSN1j^IQPMH4Y-J.IQP4P.NSR?TURWVKXZY-[aN;j^I0P.IKJŽNSƒ^HMXljWY'bWP4YURWj^N'b^LuY&…ˆb^RWipSN'[AIKJMHMb^JMƒ?YSj^NSJ4Y�j^N'[^J.NSƒz”

]lIKLuY-j^I

•

VQNSJM[AN�Pi•zIQP.VKJMXfH4Y&R?YSP xSYUJMXZYix�IKXlPŽViYURHGSR^XlViYSP"j^I=·`IK]ZYUb^R?YAEObWPMb?YUXlP

(l ; g; h; L; G; H )
•’I€…“YU‡iIKRWj^N

Y$L1rQjzXZY-P.NSƒ^J.I`N�P TUR^e�b^]lN�PŽP.XfRWN‹jzXlVQN�Pi•;XlPMH.N-r�•zP.NSƒ^J.I`YSP YURWNSLuYU]fXZYSP"L1rQjzXZYSPŽj^N&VQNSJM[AN-[aIKJMHMb^JMƒ?YSj^N�I\j^N�P

[^]ZYURWIKH4YSP€[aIKJMHMb^JMƒ?YSj^NSJ.IQPi•?NSbŒP.II�.Y

R(g; h; L; G; H ) =
1

4� 2

NX

j =1

mj

Z 2�

0

Z 2�

0
Rj (l ; g; h; L; G; H ; l j )dldlj

noP.H4YŽ…ˆb^RWipSN€[AIKJMHMb^JMƒ?YSj^NSJ4Y=L1rQjzXZY=[aN;j^I²P.IKJwj^IQP.IKR‹x�NS]fx‹XljWY\IKL�P.IKJMXlIQPwj^I²[ANSH.IKRWVKXZYSPwjWYSPFI•~^VQIKRyHMJMXlVKXljWYSj^IQP

I$XfRWVK]fXfR?YSQ°‹IQP`j^N�P=[^]ZYURWIKH4YSP`[aIKJMHMb^JMƒ?YSj^NSJ.IQP�© � Xf]f]fXZYUL1P
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¬••3{‹bWIurOVQNSR^tWIQVKXlj^N

VQNSL1NON1t?YUL�Xf]fH.NSR^XZYURWN6j^I&Á=NS‡•YUX

K 0
mŽnoPMH.I$t?YUL�Xf]fH.NSR^XZYURWNkP4quj^IK[AIKRWj^I&j^NkTUR^e�b^]lN

g = !
I$jWYSP`YSQ°‹IQP

L; G; H
•WP.IKRWj^N

L
I

H
VQNSRWPMH4YUR‹H.IQPim

±�jzXfR?TUL�XlViY1j^I

K 0
RWN1VKXfR‹HMb^J4pSNOj^I$YSP.H.IKJ.qSXlj^IQP"[AN‹j^I0P.IKJ€x‹XlPMb?YU]fXf‡•YSjWY�RWN1IQPM[?YSQN

h = esing; k =
ecosg:
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P.I"YU[^J.IQP4IKRyH4Y&NsVQNSL�[aNSJMH4YUL1IKR‹H.N'j^I

K 0
[?YUJ4Y

a = 3
»\±&m�IŽx�YU]lNSJ.IQP²j^IQVKJ.IQP4VQIKRyH.IQP

j^I

H =
p

a(1 � e2) cosI
©ªXlPMH.NÀr�•FxSYU]lNSJ.IQP'VKJ.IQP.VQIKR‹H.IQP�jWY�XfRWVK]fXfR?YSipSNy¬•m
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YUJ4Y§[aIQ{‹bWIKR?YSP$XfRWVK]fXfR?YSQ°;IQP

©
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h
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H
©
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a
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YUƒ^JMb^[^H4YUL1IKR‹H.I�m´G
[aNSR‹H.N

e = 0
H.NSJMR?Y‘” P.I\b^L [ANSRyH.N'j^I\IQ{yb^Xf]fXfƒ^JMXlN'XfRWP.H4_Qx�IK]7I\YU[?YUJ.IQVQI`b^LuY-P.IK[?YUJ4YUHMJMXf‡
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